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In this paper, we derive general conditions for a shadow to occur, without a photon sphere in
a spacetime, caused by central nulllike or timelike naked singularities. Using these conditions, we
propose classes of spacetimes which have nulllike and timelike naked singularities at the center, and
that fulfill these ‘shadow without photon sphere’ conditions. Considering additional asymptotically
flat conditions, we show that, for a fixed Schwarzschild mass, the timelike naked singularities can
cast a shadow of a size that is equal to, greater or smaller, than the size of a black hole shadow.
On the other hand, the size of shadow of a nulllike naked singularity is always less than that of
a black hole. Such noble features of shadows of nulllike and timelike naked singularities in the
absence of photon spheres may help us to distinguish between black holes and naked singularities
observationally.
I. INTRODUCTION
Recent observations of the shadow of Messier 87 (M87)
galactic center by the Event Horizon Telescope (EHT)
group [1], and the observed stellar motions (i.e. the mo-
tion of S02, S102, S46, etc. stars) around our galaxy
center (Sgr-A*) by the GRAVITY, SINFONI collabora-
tions [2–4] have triggered a great interest to investigate
the causal structure of spacetime around the galactic cen-
ter. It is expected that the central regions of galaxies
harbour a supermassive blackhole, and a spacetime sin-
gularity within, formed from catastrophic continual grav-
itational collapse of primordial matter cloud. However,
there exists a big mystery regarding the causal structure
of the singularity. In general relativity, there are three
types of strong spacetime singularities: spacelike, time-
like and nulllike. The spacelike singularity is causally
disconnected from the other points of spacetime mani-
fold, and they might be hidden within horizons, whereas
the nulllike and timelike singularities are causally con-
nected to the other points of spacetime. There are a lot
of literature [5–10] where it is shown that nulllike and
timelike singularities can be formed during the gravita-
tional collapse of physically realistic matter clouds, which
contradicts the Cosmic Censorship Conjecture (CCC),
proposed by Rodger Penrose [11].
If nulllike and timelike naked singularities do exist in
reality and if they are stable under perturbations, then
there must be some distinguishable physical signatures
of the same. There are many papers where investigation
in this direction has been done [12–35]. In [29–31], it is
shown that the motion of particles around a naked singu-
larity can have a distinguishable signature which cannot
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be seen around a Schwarzschild black hole and a Kerr
black hole. It is shown that a particle moving around a
naked singularity can precess in the opposite direction of
its motion, which is not allowed in Schwarzschild or in
Kerr spacetime. In [31], we predict the possible future
trajectory of S02 star around Sgr-A* if it precesses in
that way.
Nulllike or timelike naked singularities can also have
distinguishable physical signature in the context of grav-
itational lensing and shadows they might cast. In [32–35],
the gravitational lensing and shadow phenomena in the
presence of nulllike and timelike naked singularities are
investigated. From these investigations, it is now estab-
lished that the shadow is not the signature of a black hole
alone, it can also be cast by timelike or nulllike naked sin-
gularities in the presence of a photon sphere. In [33, 35],
it is shown that even a spacetime having a strong central
nulllike naked singularity does not need a photon sphere
in order to cast shadow. In [35], we construct a space-
time configuration which has visible strong singularity at
the center and has no photon sphere. We show that this
singular spacetime configuration can cast shadow in pres-
ence of a thin shell of matter. In [33], we show further
that the a nulllike strong naked singularity can itself cast
a shadow in the absence of both a photon sphere and a
thin shell of matter. The important understanding one
can get from all these works is that black holes are no
longer considered as the only candidates which can cast
shadows. Visible or naked singularity also can cast a
shadow which might be distinguishable from a black hole
shadow. These results are quite intriguing in the context
of the recent and upcoming observational results of EHT
collaboration.
In [34], it is shown that the singular spacetime pro-
posed in [33] has a null singularity at the center. As
stated above, this null singularity casts shadow in the
absence of a photon sphere. The interesting fact that
emerges is, the size of the shadow cast by this nulllike
naked singularity is less than the size of shadow of a
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2Schwarzschild black hole, where the ADM mass of the
proposed spacetime is equal to the Schwarzschild mass
of the black hole [33]. Now, one can ask whether the
existence of a shadow without a photon sphere implies
the existence of a nulllike naked singularity at the cen-
ter, or whether a timelike naked singularity can also cast
shadow in the absence of a photon sphere. In this paper,
we address this issue and predict what would be the na-
ture of the shadow of a timelike naked singularity in the
absence of a photon sphere.
This paper is organized as follows. In Sec. (II),
we derive the general conditions for the existence of
shadow without photon sphere. Using those conditions,
we propose a class of spacetimes which have nulllike
strong naked singularity at the center and these fulfil the
‘shadow without photon sphere’ conditions. In Sec. (III),
we derive general conditions for which timelike naked
singularities can cast shadow in the absence of a pho-
ton sphere. Using these conditions, we propose a class
of spacetimes which posses a timelike naked singularity
at the center. The timelike singular spacetimes are not
asymptotically Minkowskian. Therefore, in Sec. (IV), we
construct an asymptotically flat spacetime configuration
which has a timelike naked singularity at the center. We
study the shadow which can be cast by this spacetime
configuration and compare it with the shadow of a null-
like naked singularity, and that of a Schwarzschild black
hole. In Sec. (V), we conclude by discussing the impor-
tant results of this paper. Here, we consider Newton’s
gravitational constant GN and light velocity c as unity.
II. CONDITIONS FOR SHADOW WITHOUT
PHOTON SPHERE
The line element of a spherically symmetric, static
spacetime can be written as,
dS2 = −A(r)dt2 +B(r)dr2 + r2dΩ2 , (1)
where dΩ2 = dθ2 + sin2 θ dφ2. The conserved quanti-
ties for a particle along a geodesic in the static, spher-
ically spacetime are, l = r2φ˙ and e = A(r)t˙, where l, e
are the conserved angular momentum and energy respec-
tively and an overdot represents a differentiation with
respect to affine parameter. For null geodesics, we can
write,
− e
2
A(r)
+
l2
r2
+B(r)r˙2 = 0 , (2)
which implies,
Veff (r) +A(r)B(r)r˙
2 = e2 , (3)
where Veff (r) = l
2A(r)
r2 . Absorbing the constant of mo-
tion (l) inside A(r), we can write down the effective po-
tential of nulllike geodesics as,
Veff (r) =
A(r)
r2
. (4)
We know that null geodesics have unstable circular orbits
when there exists a photon sphere at a particular radius
rph where Veff (rph) = e
2, V ′eff (rph) = 0 and V
′′
eff (rph) <
0. Therefore, we have to solve the following equation to
get the position of a photon sphere,
rph =
2A(rph)
A′(rph)
, (5)
where, at r = rph,
1
rph
(
2A(rph)
A′′(rph)
)
> 1. If the spacetime
mentioned in Eq. (1) does not allow any photon sphere
then one would not find any real, positive solution of
Eq. (5) for rph. It is to be noted that the photon sphere
corresponds to the maximum of Veff and Veff vanishes
in the limit r →∞. Therefore, to ensure that no photon
sphere exists, Veff must be positive and monotonically
decreasing in r, i.e., we must have V ′eff (r) < 0 ∀ r. Now,
along with this no photon sphere condition, if we impose
another condition that Veff has a finite positive value at
r = 0, then limr→0
A(r)
r2 should be finite. As we know,
the impact parameter b = le =
rtp√
A(rtp)
, where rtp is the
radius of the turning point of the nulllike geodesic. Since
we demand finite positive value of Veff at r = 0, there
is a critical value of the impact parameter for which the
turning point becomes rtp = 0. Any ingoing geodesic
having impact parameter greater than the critical value
will take a turn at a radius outside the singularity and es-
cape to a faraway observer. On the other hand, geodesic
with impact parameter less than the critical value will
be terminated at r = 0, and as a result, an asymptotic
static observer should see a shadow of radius equal to the
critical impact parameter. Therefore, though there exist
no photon sphere, the spacetime mentioned in Eq. (1)
can cast a shadow. Hence, the conditions for the exis-
tence of a finite size shadow without photon sphere are
limr→0 r√
A(r)
= α , and V ′eff (r) < 0 ∀ r, where α is a
real, positive finite number and it would be the radius
of the shadow. Therefore, a finite size shadow without
photon sphere exists when,
lim
r→0
A(r) =
( r
α
)2
,
rA′(r)
2A(r)
< 1 ∀ r , (6)
where the second condition in the above equation is de-
rived from V ′eff (r) < 0 ∀ r. Using the above equation we
can write, limr→0 Veff (r) =
(
1
α
)2
. There can be many
functional expressions of A(r) which at r = 0, reduce to
the limiting value as stated in Eq. (6). One of the simple
forms of A(r) can be written as,
A(r) =
( r
α
)2
(1 + βrn)
m
, (7)
where β,m, n are constant parameters. It can be veri-
fied that in order to satisfy the condition mentioned in
Eq. (6), we need n > 0, m < 0 and β > 0. Therefore,
30 2 4 6 8 10
0
50000
100000
150000
200000
n
r
FIG. 1. Figure shows the allowed range (i.e. shaded region)
of n where ρ+ P⊥ > 0 for any value of r.
with the above expression of A(r) where n > 0, m < 0
and β > 0 the spacetime in Eq. (1) can cast shadow of
radius α, though there exist no photon sphere in that
spacetime. If we consider that the spacetime in Eq. (1)
is asymptotically Minkowskian, then the following addi-
tional conditions should be satisfied,
n = − 2
m
,
β =
1
αn
, (8)
and we also need limr→∞B(r) = 1. Therefore, the final
expression A(r) for which there exist a shadow without
a photon sphere and limr→∞A(r) = 1 is,
A(r) =
( r
α
)2 (
1 +
( r
α
)n)− 2n
, (9)
where n and α are positive constant parameters. In [33],
we propose a spacetime which can cast shadow, though
there exist no photon sphere in that spacetime. One can
verify that for n = 1, the above expression of A(r) re-
duces to the expression of A(r) of the spacetime discussed
in [33] and the line element can be written as,
ds2 = − dt
2(
1 + αr
)2 + (1 + αr )2 dr2 + r2dΩ2 . (10)
In [33], it is shown that the above spacetime has a strong
naked singularity at the center where α is the ADM mass
of the that spacetime.
Considering the expression of A(r) given in Eq. (9), if
we express B(r) = 1A(r) then the line element in Eq. (1)
can be written as,
ds2 = −
(
1 +
(α
r
)n)− 2n
dt2+
(
1 +
(α
r
)n) 2n
dr2+r2dΩ2 ,
(11)
where the above spacetime is asymptotically
Minkowskian and it can cast shadow of radius α
in the absence of the photon sphere. The expression of
the Ricci scalar (R) and the Kretschmann scalar (Kr)
of the above spacetime are,
R =
(
1 +
(
α
r
)n)− 2n [−6 + (1 + (αr )n) 2n + ( rα)2n (−1 + (1 + (αr )n) 2n)+ ( rα)n (−5 + n+ 2 (1 + (αr )n) 2n)]
r2 ∗ (1 + ( rα)n)2 , (12)
Kr = RµνγβR
µνγβ =
4
r4
(
1 +
(α
r
)n)− 4n [ (2 + n)2
(1 +
(
r
α
)n
)4
− 2(1 + n)(2 + n)
(1 +
(
r
α
)n
)3
+
5 + n(2 + n)
(1 +
(
r
α
)n
)2
+
(
−1 +
(
1 +
(α
r
)n) 2n)2]
,
(13)
where it can be verified that both the scalar diverges
at r = 0. Therefore, the above spacetime has a strong
naked singularity at the center. However, in order to be a
physically viable solution of Einstein equation the above
spacetime should satisfy the weak energy condition. In
Fig. (1), in the space of n and r, we show the allowed
region (i.e. the shaded region) for which weak energy
conditions are satisfied. It can be seen that for n > 1
the weak energy conditions are violated. Deriving the
expressions of energy density (ρ), radial pressure (Pr) and
azimuthal pressures (P⊥), one can verify by that ρ > 0
and ρ+Pr > 0 for all values of r when n > 0. Therefore,
in that figure, we only show the allowed region where
ρ + P⊥ > 0. From Fig. (1), one can conclude that for
n ≤ 1 the above spacetime (Eq. (11)) satisfy the weak
energy conditions and it can cast shadow without photon
sphere.
The other important property of a spacetime that one
need to verify is the ADM mass of the spacetime. The
ADM mass of a spacetime can be written as [33],
MADM = − 1
8pi
lim
S→∞
∮
S
(K−K0)
√
σd2θ , (14)
4where S is the bounded two-surface. K is the extrin-
sic curvature of the two-surface S embedded in space-
like hypersurface Σ, K0 is the extrinsic curvature of
the two-surface (S) embedded in flat space and the in-
finitesimal area of the two-surface is written as
√
σd2θ =
r2 sin θdθdφ, where σ is the determinant of the induced
metric on the two-surface S. The expression of the
extrinsic curvature (K) for the spacetime written in
Eq. (11) is,
K =
2
r
(
1 + α
n
rn
) 1
n
, (15)
where for flat spacetime K0 = 2r . Therefore, the ADM
mass of the above spacetime (Eq. (11)) can be written
as,
MADM = lim
r→∞
rα (1 + ( rα )n) 1n − r2
α
(
1 + ( rα )
n
) 1
n
 = α , for n = 1
=∞ , for n < 1 .
(16)
Therefore, the spacetime in Eq. (11) can extend to infin-
ity when n = 1 and it is asymptotically flat. However,
for n < 1, though the spacetime in Eq. (11) is asymptot-
ically Minkowskian, the ADM mass of that spacetime is
not finite. These type of spacetime is generally called as
asymptotically quasi-flat spacetime [40]. For these types
of spacetime, in order to have a finite ADM mass, we
need to match the spacetime at a certain matching ra-
dius with Schwarzschild spacetime.
In [34], it is shown that the spacetime in Eq. (10) has
a strong nulllike naked singularity at the center. There-
fore, one can ask whether the existence of a nulllike
naked singularity is the reason behind the existence of
a shadow without a photon sphere. In another way, we
can ask whether a timelike naked singularity can also cast
a shadow in the absence of a photon sphere. In the next
section, we discuss this issue in detail.
III. POSSIBILITY OF SHADOW WITHOUT
PHOTON SPHERE IN THE PRESENCE OF A
CENTRAL TIMELIKE NAKED SINGULARITY
One can verify whether a spacetime posses a timelike
or nulllike naked singularity using the Penrose diagram
of that spacetime. In Penrose diagram, the temporal
and radial coordinates are transformed in such a way
that we can describe the whole spacetime manifold in a
finite size causal diagram. The coordinates t, r of the
general spacetime (Eq. (1)) can be transformed to the
coordinates T,R as,
T = tan−1 (t+ r?) + tan−1 (t− r?) , (17)
R = tan−1 (t+ r?)− tan−1 (t− r?) , (18)
r = 0, t→ ∞
r = 0, t→ -∞
r → ∞, t→ ∞
r → ∞, t→ -∞
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FIG. 2. Figure shows Penrose diagram of the asymptotically
Minkowskian spacetime written in Eq. (11), where we consider
n = 0.5. The nulllike naked singularity at r = 0 is shown by
black zigzag lines. Along the red and blue lines time and
radial distance are constant respectively.
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FIG. 3. Figure shows the allowed range (i.e. shaded region)
of l where ρ+ P⊥ > 0 for any value of r.
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FIG. 4. Figure shows Penrose diagram of the spacetime writ-
ten in Eq. (22), where we consider n = 0.5 and l = 5. The
timelike naked singularity at r = 0 is shown by the vertical
black zigzag lines. Along the red and blue lines time and
radial distance are constant respectively.
where r? =
∫ √B(r)
A(r)dr. It is easy to verify that with the
new T,R coordinates we can describe the whole space-
time manifold (i.e. −∞ < t < ∞ and 0 ≤ r < ∞) in a
finite size diagram.
In order to investigate whether there exist a timelike
or nulllike naked singularity, we need to evaluate the val-
ues of T and R at r → 0. It can be verified that for a
finite value of t, if r? → −∞ for r → 0 then the singu-
larity at r = 0 is a nulllike singularity, where for finite
value of t and r → 0 we get R = −pi and T = 0. This is
because, as we shall see, the r = 0 hypersurface, in this
case, coincides with the null-hypersurface in the Penrose
diagram. On the other hand, one can define a singularity
as timelike if r? → 0 for r → 0. For timelike singular-
ity, at r = 0, we get R = 0. Therefore, the functional
form of r?(r) is very important to understand the nature
of singularity. Since r? =
∫ √B(r)
A(r)dr, the nature of sin-
gularity depends upon the functional form of A(r) and
B(r) near r = 0. From the above analysis, we can con-
clude that a nulllike naked singularity can cast shadow
without photon sphere when the following conditions are
satisfied,
lim
r→0
∫ √
B(r)
A(r)
dr → −∞ ,
lim
r→0
A(r) =
( r
α
)2
,
rA′(r)
2A(r)
< 1 ∀ r , (19)
where the first condition is for nulllike singularity and
the second and third conditions are for the existence of
finite size shadow without photon sphere. One can verify
that the above conditions (Eq. (19)) are satisfied for the
spacetime described in Eq. (11). In Fig. (2), we show
the Penrose diagram for that spacetime where we con-
sider n = 0.5. From that figure, one can conclude that
the spacetime in Eq. (11) has a strong nulllike naked
singularity at the center. Similarly, for timelike naked
singularity, we can write down the following conditions,
lim
r→0
∫ √
B(r)
A(r)
dr = 0 ,
lim
r→0
A(r) =
( r
α
)2
,
rA′(r)
2A(r)
< 1 ∀ r . (20)
If we consider limr→0B(r) = rl and A(r) given by Eq. (9)
then near r = 0, r? = 2l r
l
2 . Therefore, in order to satisfy
the condition limr→0 r? = 0 (i.e. the condition for time-
like singularity at r = 0), we need l > 0. If we consider
the spacetime (Eq. (1)) having timelike naked singularity
at the center is asymptotically Minkowskian then we can
write down one of the possible functional form of B(r)
as, B(r) =
(
r
α
)l (
1 +
(
r
α
)k)− lk
while retaining the form
of A(r) described in Eq. (9). Here, l and k are constant
parameters which should be always positive. The posi-
tive values of l and k ensure that the spacetime in Eq. (1)
is asymptotically Minkowskian, it has a timelike naked
singularity at the center and it can cast shadow with-
out photon sphere. Note that Eq. (19) and Eq. (20) are
the general conditions respectively for a nulllike singular
and timelike singular spacetimes which can cast shadow
without photon sphere. However, the conditions on l and
k for timelike naked singularity and the conditions on n
for nulllike naked singularity is coming out due to the
specific choice of the functional form of A(r) and B(r).
We can write down the line element of the asymptotically
Minkowskian spacetime having timelike naked singular-
ity at the center as,
ds2 = −
(
1 +
(α
r
)n)− 2n
dt2+
(
1 +
(α
r
)k)− lk
dr2+r2dΩ2 .
(21)
However, one can verify from Fig. (3) that the weak en-
ergy conditions are invalid for all positive values of l
where k > 0. In Fig. (3), we consider k = 1. There-
fore, the timelike singular spacetime in Eq. (21) is not
physically realistic. If we remove the asymptotically
Minkowskian condition from the that spacetime then we
can write down it in the following simple form,
ds2 = −
(
1 +
(α
r
)n)− 2n
dt2 +
( r
α
)l
dr2 + r2dΩ2 , (22)
6where the above spacetime can cast shadow without pho-
ton sphere and the radius of the shadow is α. Near the
center, the Ricci scalar and the Kretschmann scalar of
the above spacetime can be written as,
R =
1
r2
( r
α
)−l [
−6 + 3l + 2
( r
α
)l]
, (23)
Kr =
1
r4
( r
α
)−2l [
12 + 3l2 − 8
( r
α
)l
+ 4
( r
α
)2l]
,(24)
which shows the presence of a strong timelike naked
singularity at the center. The Penrose diagram of the
above spacetime is shown in Fig. (4) where n = 0.5 and
l = 5. From the expressions of energy density (ρ), radial
pressure (Pr) and tangential pressures (P⊥) we can write,
ρ =
1
r2
[
1 + (l − 1)
( r
α
)−l]
, (25)
ρ+ Pr =
1
r2
( r
α
)−l [2 + l (1 + ( rα)n)(
1 +
(
r
α
)n)
]
, (26)
ρ+ P⊥ =
2
(
1 +
(
r
α
)n)2
+
(
r
α
)n−l
(−4 + l − 2n+ (−2 + l) ( rα)n)
2r2
(
1 +
(
r
α
)n)2 , (27)
Using Eq. (25) and Eq. (27), one can verify that weak
energy condition is valid for l ≥ 4 + 2n. Therefore, for
n = 0.5 and l ≥ 5, the weak energy conditions are valid
everywhere in the above spacetime (Eq. (22)). Therefore,
we conclude that like a nulllike naked singularity, a time-
like naked singularity also can cast a shadow without a
photon sphere.
In the next section, we discuss the images of the naked
singularities in the presence of a spherically symmetric,
radially freely falling accreting matter around the nulllike
and timelike naked singularities.
IV. SHADOW OF NULLLIKE AND TIMELIKE
NAKED SINGULARITIES IN THE ABSENCE OF
PHOTON SPHERE
Before we discuss the shadow cast by timelike naked
singularity, we need to modify the timelike singular
spacetime (Eq. (22)) in such a way that the spacetime
can be matched smoothly with an external Schwarzschild
spacetime at a certain matching radius rb. This modifica-
tion is necessary to get a finite Schwarzschild mass of the
spacetime configuration which is internally timelike sin-
gular spacetime and externally Schwarzschild spacetime.
The spacetime configuration can be written as,
ds2int = −(1−M0)
1 +
(
α
rb
)n
1 +
(
α
r
)n

2
n
dt2 +
1
(1−M0)
(
r
rb
)l
dr2 + r2dΩ2 , (28)
ds2ext = −
(
1− M0rb
r
)
dt2 +
1(
1− M0rbr
)dr2 + r2dΩ2 , (29)
where the internal spacetime (corresponding to ds2int)
is the modified version of the timelike singular space-
time described in Eq. (22). Here, 0 < M0 < 1 and the
Schwarzschild mass Ms =
M0rb
2 . As we know, in order
to match two spacetimes smoothly at a certain matching
radius (rb), the induced metric (hab) and the extrinsic
curvature (Kab) corresponding to the internal and ex-
ternal spacetime should match at the matching radius
rb [36–38]. It is easy to verify that the induced metrics
of the above two spacetimes (Eqs. (28, 29)) match at the
matching radius rb. Now, the non-zero components of the
extrinsic curvature of the internal and external spacetime
at the matching radius are,
(K00)int =
(1−M0) 32
rb
(
1 +
(
rb
α
)n) , (K00)ext = M02rb√1−M0 ,
(30)
(K22)int = (K22)ext = rb
√
1−M0 , (31)
(K33)int = (K33)ext = rb
√
1−M0 sin2(θ) . (32)
Therefore, in order to smoothly match the internal and
external spacetimes (Eqs. (28), (29)), the matching ra-
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FIG. 5. Fig. (5(a)), Fig. (5(c)) show how the intensity varies with the impact parameter (b) in the presence of nulllike naked
singularity and Fig. (5(e)) shows the same in the presence of timelike naked singularity. Fig. (5(b)), Fig. (5(d)) show the
shadow cast by the nulllike naked singularities and Fig. (5(f)) shows the shadow cast by the timelike naked singularity in the
absence of photon sphere.
8TABLE I. Mass of Sagittarius A* and its possible shadow size in the presence of Schwarzschild Black hole,
nulllike and timelike naked singularities
Object Mass Shadow (diameter)
(M) (µarcsec)
Black hole (4.31± 0.38)× 106 56± 8
Nulllike naked singularity (4.31± 0.38)× 106 10± 1.54
(n = 1)
Timelike naked singularity (4.31± 0.38)× 106 12.48± 1.784
(n = 0.8, l = 6,M0 = 0.233)
Timelike naked singularity (4.31± 0.38)× 106 28± 4
(n = 0.5, l = 5,M0 = 0.377)
Timelike naked singularity (4.31± 0.38)× 106 85.03± 12.143
(n = 0.35, l = 5,M0 = 0.423)
dius should be,
rb = α
[
2
M0
(
1− 3M0
2
)] 1
n
, (33)
which can be obtained by using Eq. (30). At the above
mentioned matching radius the internal timelike singular
spacetime (Eq. (28)) smoothly matches with the external
Schwarzschild spacetime (Eq. (29)). Now, we are ready
to simulate the shadow cast by the spacetime configura-
tion which has a finite Schwarzschild mass Ms. To do so,
we follow [32] where the authors consider radiation emit-
ted from a radially freely falling spherically symmetric
accereting matter and produce the intensity map. How-
ever, we do not put any mathematical detail here as it
can be found in that paper.
As we discussed before, for a nulllike naked singular-
ity, the spacetime in Eq. (11) can cast a shadow of ra-
dius α in the absence of a photon sphere, where for
n = 1 the ADM mass has a finite value α and for
n < 1 the ADM mass is infinite though the spacetime
is asymptotically Minkowskian. The timelike singular
spacetime in Eq. (22) is not asymptotically Minkowskian
and also it has infinite ADM mass. Therefore, to keep
the mass finite, we modify the spacetime in such a way
that it can match with an external Schwarzschild space-
time smoothly at a finite radius (see Eqs. (28,29)). This
spacetime configuration can cast a shadow of finite radius
in the absence of a photon sphere and it has also a finite
Schwarzschild mass (i.e. Ms =
M0rb
2 ). The radius of the
shadow (bs) cast by the spacetime configuration is,
bs =
α√
1−M0
(
1 +
(
α
rb
)n)− 1n
. (34)
In Fig. (5(e)), we show how the intensity of light emit-
ted by the radially freely falling spherically symmetric
accereting matter varies with impact parameter in the
presence of central timelike naked singularity, where we
take n = 0.5, l = 5, α = 1, Ms = 1. Using those param-
eters’ values and using Eqs. (33, 34), we get M0 = 0.377
and rb = 5.303, bs = 2.635. Therefore, with the above
mentioned parameters’ values the spacetime configura-
tion (Eq. (28,29)) having a central timelike naked singu-
larity cast shadow of radius bs = 2.635 in the absence of
photon sphere. In Fig. (5(f)), we simulate the shadow
cast by the spacetime configuration. In Fig. (5(a)) and
Fig. (5(c)), we show the intensity variation in the null-
like singular spacetime (Eq. (11)) for n = 1 and n = 0.5
respectively and in Figs. (5(b),5(d)), we show the cor-
responding simulated images of shadow in the asymp-
totic observer sky. In the both cases, the nulllike singular
spacetime cast shadow of radius α = 1. However, from
the Eq. (34), in can be seen that the radius of the shadow
of timelike naked singularity changes with M0, n, a. As
we mentioned earlier, the Schwarzschild mass Ms =
M0rb
2
and rb depends upon M0, n, a (Eq. (33)). Therefore, if we
fix the values of Ms and α to unity then for different val-
ues of n, we get different values of M0, rb and bs. It can
be verified that the shadow radius of the timelike naked
singularity can be less than or greater than 3
√
3 which is
the radius of the shadow cast by the Schwarzschild black
hole.
From the stellar motions and other physical phe-
nomenon around the compact object Sgr-A* located at
the center of our galaxy, the estimated mass of Sgr-A*
is 4.3 × 106M with an error of ±0.38 × 106M [39]. If
the compact object is a Schwarzschild black hole then
the angular diameter of the shadow observed from earth
would be 56± 8 µarcsec[39]. However, that diameter of
the shadow would be different in the presence of nulllike
and timelike naked singularities which can cast shadow
9without photon sphere. In Table(I), we show the diam-
eter of the shadow cast by nulllike and timelike naked
singularities for the fixed mass (4.3 ± 0.38) × 106M.
It can be seen from the table that in the presence of
timelike naked singularity, the angular diameter of the
shadow can be greater than or less than the angular di-
ameter of the shadow cast by a Schwarzschild black hole.
It can be verified that for n = 0.35,M0 = 0.423, the
shadow size would be 1.5 times greater than the shadow
in Schwarzschild spacetime. On the other hand, in the
presence of nulllike naked singularity, the shadow size
is always shorter than the shadow of the Schwarzschild
black hole. However, as it was discussed before, both the
timelike and nulllike naked singularities (Eq. (11, 28))
cast shadow in the absence of photon sphere.
V. CONCLUSION
Few concluding important points regarding the shadow
of nulllike and timelike naked singularities in the absence
of photon sphere are discussed below:
• In this paper, we derive a general condition
(Eq. (6)) that a spacetime should satisfy in order to
cast a shadow without a photon sphere. Using the
condition, we derive a class of spacetimes (Eq. (11))
which is asymptotically Minkowskian and which
has a nulllike strong naked singularity at the cen-
ter. We show that the radius (α) of the shadow
of nulllike singularity is independent of parameter
n and therefore, for the whole class of spacetimes,
the shadow size remains unchanged.
• We investigate whether timelike naked singularity
also can cast shadow without a photon sphere. Us-
ing the Penrose diagram, we derive a general con-
dition for both the nulllike (Eq. (19)) and timelike
(Eq. (20)) naked singularities to be able to cast
a shadow in the absence of a photon sphere. We
derive a class of timelike (Eq. 22) singular space-
times from those conditions. However, since the
class of the timelike naked singular spacetimes is
not asymptotically Minkowskian, we modify the
spacetime and propose a spacetime configuration
(Eqs. (28,29)) where the modified timelike singu-
lar spacetime smoothly matches with the external
Schwarzschild spacetime at a certain matching ra-
dius (Eq. (33)). We show that the spacetime config-
uration casts shadow, though there exists no pho-
ton sphere.
• In order to discuss our results in a physical con-
text, we fixed the masses of the nulllike and timelike
singular spacetimes to the estimated mass of the
central compact object Sgr-A* of our Milky-way
galaxy. From Table(I), it can be seen that the time-
like naked singularity can cast shadow of diameter
greater or less than the diameter of shadow cast by
a Schwarzschild black hole with same Schwarzschild
mass (Ms). On the other hand, a nulllike naked
singularity always casts a shadow of smaller radius
than the radius of shadow of a Schwarzschild black
hole. Therefore, any observational result which
shows the size of the shadow of a compact object,
which is greater than the expected shadow size of a
Schwarzschild black hole may imply the existence
of a timelike naked singularity at the center of the
compact object.
• Since the nulllike naked singularity (Eq. (11))
and the timelike naked singularity (Eq. (28,29))
cast shadows in the absence of photon spheres,
any quantum gravity effects near the singularity
may cause possible observable deformations in the
shadow size.
As we discussed above, recent observations of the
shadow of M87 galactic center and the upcoming ob-
servational results of the shadow of Milky-way galactic
center (Sgr-A*) can give us the information of the causal
structure of these regions. In this context, the results re-
ported here in this paper seem to be intriguing and worth
exploring further.
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